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ABSTRACT: Orientational correlation functions have been obtained from Monte Carlo simulations of
long, freely jointed chains (1000 monomers and more) with screened Coulomb interactions truncated
after a certain number of bonds. This makes it possible to study chain-length dependence without “end
effects” and to display excluded-volume effects. These correlation functions form the basis for a discussion
of the conformational response to electrostatic interactions. In particular, they are related to the concept
of electrostatic persistence length and the correlation functions illustrate the differences between different
definitions of persistence length. To facilitate future discussions, we have identified four types of definitions
and given them separate names: (1) projection length, which involves integration of the orientational
correlation function; (2) orientational correlation length, which is the decay length of an exponential
function; (3) bending coefficient, which is a length representing a bending force constant; and (4) crossover
distance, which is the monomer-monomer distance at the boundary between a rodlike and a swollen
behavior. Previous conclusions that the projection length obeys a power law at high salt concentrations,
while the orientational correlation length does not, are confirmed. Furthermore, a power law is also found
in the salt-free limit for the projection length corresponding to an infinite chain with a finite range of
interactions. The two power laws make it possible to construct a universal curve that gives an almost
quantitative description of the chain behavior.

Introduction
One of the most fundamental features of flexible

polyelectrolytes is the conformational behavior caused
by the electrostatic interactions, because many experi-
mentally observed properties of polyelectrolyte solutions
depend on it. It would be desirable to capture the
general behavior in relatively simple terms (both con-
ceptually and mathematically) as has been done for
neutral polymers in, for example, the concepts of
excluded volume interactions and scaling.1,2 However,
the treatment of neutral polymers is simplified by the
fact that the interactions are generally short-ranged,
while electrostatic interactions are long-ranged. Still,
Odijk3 and, independently, Skolnick and Fixman4 (OSF)
found a simple power law for the electrostatic persis-
tence length, lp,e, in a model of a very stiff chain. For
very long chains, the electrostatic persistence length
was found to be proportional to κ-2, where κ-1 is the
Debye screening length. This behavior has been con-
firmed experimentally for rather stiff chains.5,6

In contrast, experiments on flexible chains,7-10 as well
as variational calculations11-14 and simulations15-18

have given lp,e ∼ k-p with p ≈ 1. There are more than
one definition of persistence length, however. They are
equivalent for the wormlike chain model, but not for a
charged polymer, as was shown recently.18 The differ-
ence is that the stiffening of a wormlike chain is only
transmitted along the contour, while electrostatic in-
teractions act through space. Another common defini-
tion gives no consistent power law and p < 1 for
completely flexible chains.18-20 Furthermore, p grows
toward the OSF limit, if the chains are made increas-

ingly stiff with the help of a bond angle potential.18,20

Transitions between p ) 1 and OSF-like behavior have
also been discussed theoretically by Barrat and Joanny12

and by Ha and Thirumalai.13,14 Purely OSF-like behav-
ior have been obtained variationally by Li and Witten21

and by Netz and Orland for the three-dimensional case
(if the results are rescaled with the average bond length
as the basic unit of length).22

Liverpool and Stapper have argued that there should
be no simple power law.23,24 This was based on an
expression obtained from a field-theoretic renormaliza-
tion group analysis. However, the applicability to three
dimensions is questionable.25 For example, a figure
which appears to show simulation data in support of
the theory,23 was actually not plotted correctly. In
reality, the expression does not reflect a universal
behavior of the data as it should.

The picture might appear complex, but a part of it is
a matter of bookkeeping. For polyelectrolytes, the dif-
ferent definitions of persistence length should be treated
as different properties and it should always be made
clear which of the properties is being discussed. The fact
remains that a power law dependence on a parameter
combining charge density and screening length is
observed for one of the definitions, which means that
there are fundamental and general relationships gov-
erning the behavior. An understanding of these rela-
tions should lead to both better and simpler descriptions
of polyelectrolytes.

It has been suggested that the difference between the
OSF behavior, p ) 2, and the result p ) 1 is due to so-
called excluded volume effects,22,26 i.e., interactions
between sections of the chain that are far apart in
sequence but may get close in space occasionally, due
to the chain bending back on itself. If the distance
between the sections is on average much longer than
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the range of electrostatic interactions, there is no direct
contribution to the chain stiffness, but the occasional
interactions still affect the long-range orientational
correlations.

To separate out the excluded volume effects, simula-
tions of long chains, N ) 1000 monomers and more,
have been performed with the screened Coulomb po-
tential truncated after n - 1 bonds; i.e., the N-mer is
made up of overlapping subchains with n interacting
monomers. This also makes it possible to study chain
length dependences without end effects, since virtually
all monomers find themselves at the middle of such a
subchain; i.e., all monomers are equivalent.

The paper is outlined as follows: First, the basic
concepts of persistence length are reviewed and a new
terminology is introduced to separate the different
properties. The details of the simulations are then
described briefly, followed by the results. The first part
of the results section discusses the orientational cor-
relation function, which displays the conformational
response to electrostatic interactions directly. It both
reveals differences between different types of persis-
tence length and illustrates electrostatic excluded vol-
ume effects. The latter part of the results section deals
with power laws in both the high-salt and salt-free
limits and their combination into a universal behavior.
The paper ends with a summary.

Persistence Length
The concept of persistence length dictates that it

should be a measure of stiffness, but exactly how this
is measured is a matter of definition and there are
plenty of definitions. It is possible to pick out four basic
ones. Many other definitions are closely related to these
and the four can be said to represent the principal
definitions of four main groups. The first three are
closely related to the orientational correlation function,
while the fourth is expressed in terms of the distance
correlation function. To distinguish the different defini-
tions as different properties, we will give them separate
names and symbols.

Definition 1: Projection Length, lp, the Projec-
tion of the End-to-End Vector on the Direction of
the First Bond. For a freely jointed chain with rigid
bonds, we have

where b is the bond length and 〈...〉 denotes an ensemble
average. rj is a bond vector, R is the end-to-end vector,
N is the number of monomers (which makes N - 1
bonds), and θk is an angle between bond vectors sepa-
rated by k bonds (see Figure 1).

For a continuous-chain model (space curve) the sum
in eq 1 corresponds to an integral

where C(s) ≡ 〈cos θ(s)〉 is the orientational correlation
function, s is a contour distance and L is the contour
length.

There is a point to keeping the commonly used symbol
for persistence length, lp, for the projection length. It
has an interesting behavior for charged chains and it
can be measured experimentally in dilute solutions (cf.
below), which makes it worthwhile to study.

Definition 2: Orientational Correlation Length,
loc, the Correlation Length of an Orientational
Correlation Function with an Exponential Decay.
The orientational correlation function of a freely rotating
chain with rigid bonds and rigid bond angles can be
described with an exponential function:27

The wormlike chain model,28 which is the corresponding
continuous chain, has an exponential correlation func-
tion by definition:

For the sake of the following discussion, we introduce
a more general exponential correlation function with a
prefactor C0:

This allows for a long-range exponential decay, while
ignoring the true behavior at short length scales.

Inserting the two-parameter function into eq 2, gives
lp ) C0loc in the limit L f ∞; i.e., definitions 1 and 2 are
equivalent for an infinite chain if C0 ) 1, the value of
C0 for a true wormlike chain.

Definition 3: Bending Coefficient, lbc, a Param-
eter That Specifies the Bending Energy. The total
bending energy of a continuous chain can be specified
as

where F(s′) is the radius of curvature at a point s′ on
the contour. kB is Boltzmann’s constant and T is the
absolute temperature.

If this is the only potential affecting the chain
conformations, averaging over the conformations leads
to29

i.e., the correlation function of a wormlike chain (cf.
definition 2).

Note also that, if the electrostatic energy, compared
to a rigid-rod conformation, can be expressed in the
same way, i.e., ∆uel(s′) ∝ 1/F2(s′), the intrinsic bending
coefficient lbc,0 and the electrostatic bending coefficient
lbc,e are additive; i.e., the total bending coefficient is lbc
) lbc,0 + lbc,e

Definition 3 has been used in variational calculations
and it is also the starting point of OSF theory.

Figure 1. Freely jointed chain represented by the bond
vectors rj. R is the end-to-end vector.
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Definition 4: Crossover Distance, lcd, the Mono-
mer)Monomer Distance Corresponding to a
Crossover between a Rodlike (Persistent) Behav-
ior and an Excluded Volume (Swollen) Behavior.
Starting with Kratky and Porod,28 the concept of a
crossover distance has been used as a means to obtain
a persistence length from the form factor measured in
scattering experiments, where it is observed as a
crossover in k-space. It has been applied to correlation
functions in real space by Barrat and Boyer16 and by
Netz and Orland.22 We will follow Netz and Orland, who
expressed the real-space definition more precisely.

If there is a region where the mean-square end-to-
end distance grows linearly with the number of bonds
and this goes over into a final long-range behavior where
it grows with a swelling exponent ν, the distance
correlation function in these two regions can be repre-
sented as

where b2 and b∞ are constants for a given chain and

is the persistent crossover scale, i.e., the number of
bonds where an extrapolation of the two types of
behavior gives the same mean-square end-to-end dis-
tance. The crossover distance is then

Given the two-parameter exponential orientational cor-
relation function we have (cf. eq 15)

i.e., ν ) 1/2 and sp ) 2loc, which gives lcd ) 2locxC0. In
the discussion of the results, we will show that this can
be seen as the Kuhn length of an underlying wormlike
chain. A trivial factor of 2 can, of course, be introduced
into the definition to make lcd equivalent to the other
definitions for a wormlike chain (C0 ) 1).

While the projection length is related to an integral
over the orientational correlation length, the crossover
distance is related to the square root of such an integral,
hence the factor xC0 and the behavior is expected to be
intermediate between the projection length and the
orientational correlation length.

As seen above, an exponential orientational correla-
tion function represents a Gaussian-type long-range
behavior with ν ) 1/2, while chains with screened
Coulomb interactions are expected to become self-
avoiding walks with a swelling exponent close to the
Flory value ν ) 3/5. If a projection length is calculated
from 〈R2〉 ) 2lpL (eq 16), a long chain would give lp ∼
N2ν-1; i.e., the projection length becomes size-dependent
when ν * 1/2. This will be discussed more in connection
with the results.

Experimental Persistence Lengths (Projection
Length and Crossover Distance). Experimentally,
the persistence length is usually measured indirectly
via the wormlike chain prediction for another quantity.

For example, light-scattering experiments measure the
radius of gyration. This involves an integral over the
orientational correlation function and the result is the
projection length, i.e., the persistence length according
to definition 1.

This can easily be shown. The radius of gyration, RG,
is given by

and with the two-parameter exponential correlation
function, C(s) ) C0e-s/loc, we have

which for very long chains (L . loc) becomes

The latter equation is the one often used to convert an
experimentally determined radius of gyration to a
persistence length6,8,9 and since a wormlike chain is
generally assumed (C0 ) 1), the reported property is the
projection length lp ) C0loc, although it may have been
presented as the orientational correlation length.

A similar analysis for the mean-square end-to-end
distance gives

with the long-chain limit

Since the Kuhn length, lK, is defined as 〈R2〉 ) lKL, the
projection length is the type of persistence length most
closely related to it. For long chains, we have the usual
result lK ) 2lp.

In general, any definition that states that the persis-
tence length is proportional to an integral over the
orientational correlation function belongs to the same
group as the projection length.

On the basis of the fact that a wormlike chain behaves
like a rod at short distances and like a Gaussian chain
at large contour separations (eq 11), Kratky and Porod
indicated how to measure a persistence length from a
crossover point between the two types of behavior in the
form factor,28 i.e., as a crossover distance. Applied to a
chain obeying the two-parameter orientational correla-
tion function, their analysis leads to lcd ∝ xC0loc, as
expected from the real-space definition above.

X-ray or neutron scattering is needed to probe the
relevant length scales and these measurements are
often performed above the overlap concentration to
obtain sufficient scattering intensity and the crossover
distance obtained at these polyelectrolyte concentrations
is not representative of independent chains, which we
focus on here. There are also practical problems pinning
down the crossover point,30 and an alternative is to fit
scattering functions for wormlike chains.31,32

When a nontrivial theoretical expression for a worm-
like chain is fitted, it is less transparent which definition
of persistence length is actually measured. It seems
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reasonable to assume, however, that when properties
depending on the entire chain are measured, a projec-
tion length is obtained, while experiments probing parts
of the chain yield the persistence length of an underly-
ing average chain. In the results we will show that the
latter corresponds to a crossover distance, at least when
the two-parameter correlation function is applicable.

OSF Theory (Bending Coefficient). In OSF theory,
as in most simulations and theories for the persistence
length, the electrostatic interactions are described by a
screened Coulomb potential

where R is the degree of ionization and lB ) e2/
(4πεrε0kBT) is the Bjerrum length, with e the elementary
charge, εr the dielectric constant of the solution and ε0
the permittivity of vacuum. When the polyelectrolyte
is infinitely diluted and only monovalent ions are
present, the Debye screening parameter is given by

where cs is the concentration of added 1:1 salt and NA
is Avogadro’s number.

By calculation of the electrostatic contribution to first
order for the bending of a rigid rod, the OSF model gives
an electrostatic bending coefficient, which, following
Odijk,3 can be expressed as

with y ≡ κL. For large y, this reduces to3,4

In the salt-free case (κ f 0), we have

Previous Simulation Results for the Power Law
Dependence of the Projection Length. When the
only type of interaction is the screened Coulomb poten-
tial, eq 17, all average lengths, scaled by the bond length
b, are functions of only three dimensionless numbers:
êp ) R2lB/b (coupling parameter), κb (screening param-
eter), and N (chain size).

It was shown previously that the electrostatic projec-
tion length for a freely jointed chain behaves as

where p ≈ 1.1, when the screening length is shorter
than the chain dimensions.18 The combination of R (êp

1/2)
and κ agrees with experiments.9 This is not very
surprising, because it is a natural combination, since
êp/(κb)2 is the result (ignoring numerical constants) of
a three-dimensional integral over the screened Coulomb
potential and the same ratio appears also in theoretical
results. Indeed, the long-chain OSF prediction can be
written lbc,e/b ) êp/4(κb)2.

When the screening length is much larger than the
size of the chain, the electrostatic interactions are
essentially unscreened and both the projection length
and the orientational correlation length are independent
of κ.

Persistence Lengths Measured in the Present
Simulations. We have organized persistence length
into different properties, but there are still different
ways to calculate each property, in particular the
projection length.

In the present simulations, the interactions are
truncated after n monomers, but at low salt concentra-
tions there may still be significant correlations over the
entire length of the chain; i.e., Ck has not decayed
completely to zero for k values on the order of N. A finite
sum, as in eq 1, would thus introduce a size dependence,
while we prefer the projection length to be an intrinsic
property of a chain with given n; i.e., we want the result
corresponding to an infinite chain, which is uniquely
defined. Strictly speaking, it is also only in this limit
that the projection length is given by the radius of
gyration through eq 14, which is used experimentally,
although it may be a good approximation when the
projection length is small at high salt concentrations.
There will still be a dependence on n, but when the sum
is taken to infinity, the n dependence will only be
governed by the interactions.

The simplest approach is to assume an exponential
decay and fit C0ekb/loc to the orientational correlation
function Ck (in practice through linear regression of lnCk
vs k) and integrate to infinity, yielding lp ) C0loc. The
correlation length, loc, obtained this way represents long-
range correlations, as can be seen from the results,
although it may be something of a compromise when
there are extensive excluded volume effects.

The results also show that, at high salt concentra-
tions, the integral over the fitted exponential function
neglects a contribution from the true correlation func-
tion at shorter contour separations. This contribution
is taken care of in the direct summation of eq 1. If the
correlation function has not decayed sufficiently at the
end of the finite chain, the infinite chain result can be
obtained by supplementing the sum of eq 1 with an
integral over the tail of the fitted function.

We are interested in the response to electrostatic
interactions and we should therefore separate out an
electrostatic persistence length. It is generally assumed
that the intrinsic and electrostatic persistence lengths
are additive. This is true for the bending coefficient in
the OSF model, but it is not obvious that it should hold
for all definitions and models. The situation is simpli-
fied, however, by the fact that the simulations are based
on freely jointed chains. The continuous-chain analogue
is a completely uncorrelated chain; i.e., there is no
intrinsic persistence length and the projection length
and the orientational correlation length obtained by
fitting an exponential correlation function have a purely
electrostatic origin.

When using the direct summation, eq 1, there is a
contribution from the finite bond length (cos θ0 ) cos 0
) 1). For this case, we define an electrostatic projection
length

which is zero for a freely jointed chain in the absence

usc(r) ) R2kBTlB
e-κr

r
(17)

κ
2 ) 8πlBNAcs (18)

lbc,e )
(RN)2lB

12
[3y-2 - 8y-3 + e-y(y-1 + 5y-2 + 8y-3)]

(19)

lbc,e )
R2lB

4κ
2b2

(20)

lbc,e )
(RN)2lB

72
(21)

lp,e

b
∼ (êp

1/2

κb )p

(22)

l′p,e ) lim
Nf∞

b∑
k)0

N

〈cos θk〉 - b ) lim
Nf∞

b∑
k)1

N

〈cos θk〉 (23)
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of electrostatic interactions. The prime is used as a
reminder that the result is based on the true correlation
function and not just the fitted one. The limit as N f ∞
is known to exist in the present case, because the
correlations decay exponentially beyond the truncation
of the interactions.

The sum is written as starting from an end, but in
practice, we start from the center of the chain and stop
60 bonds from the end to avoid end effects. The fitted
correlation function is used to extrapolate the summa-
tion to infinity, which is only needed at lower salt
concentrations and for longer subchains. Likewise, the
correlation function is also calculated with respect to
the center of the chain.

Methods
A polyelectrolyte is represented as a freely jointed chain

with rigid bonds of length b joining N monomers. Each
monomer is a point charge and has a degree of ionization R,
which is the same for all monomers. The polyelectrolyte is
regarded as infinitely diluted and the charges interact via a
screened Coulomb potential, eq 17, which is truncated after n
monomers. Screening is considered to be the result of adding
a 1:1 salt.

In most simulations N ) 1000, but for n ) 320 the chain
length was 2000 at the salt concentrations 0-0.01 M for b )
3 Å and at 0-0.0001 M for b ) 12 Å.

The simulations were performed in a canonical ensemble
with the temperature T ) 298 K and a dielectric constant, εr

) 78.3, corresponding to water at that temperature. Ensemble
averages were obtained using the traditional Metropolis
algorithm.33 The conformational sampling was performed with
a pivot algorithm,34,35 where trial conformations are obtained
by dividing the chain into two parts around each bond in turn
and rotating one part around the bond.36 The rotation angle
was picked randomly within a full circle.

Longer simulations were needed to get good statistics when
the orientational correlation function was small, for example,
at high salt concentrations. This is because the fluctuations
depend on the length of the simulation and not the size of
correlation function, which means that the relative error
increases as the correlation function decreases. Not counting
equilibration, the longest simulations lasted 2.5 × 108 Monte
Carlo steps.

Results and Discussion
Correlation Functions. Figures 2 and 3 show

logarithmic plots of the orientational correlation func-
tion for different subchain lengths and different salt
concentrations. A wormlike chain would give a straight
line passing through the origin, since its correlation
function is a pure exponential with C0 ) 1. For the
chains simulated here, an exponential behavior should
develop at large separations along the contour, since
there are no interactions beyond n - 1 bonds and long-
range correlations can then only propagate through the
chain.

Figure 2 shows that the exponential behavior, seen
as a linear relationship, can be established at contour
separations even shorter than the truncation length. At
these lower salt concentrations, the stiffness of the
chain, represented by either the projection length or the
orientational correlation length, is longer than range of
the interactions, given by κ-1 (see Table 1). With n )
160 and 320 the subchains have end-to-end distances
longer than the screening length, while the projection
length is longer than the end-to-end distance. Thus, the
electrostatic interactions have decayed below significant
levels before they are truncated and the chain stiffness
prevents closer contacts between distant parts of a

subchain. The correlation functions for n ) 160 and 320
are therefore almost the same in Figure 2. In contrast,
with n ) 20 and 40, the interactions have not decayed
completely at the truncation length and the persistence
length is reduced due to the reduced interactions.

Note that the intercept, ln C0, is not zero as it would
be if the correlations only acted through the bonds.
Thus, a prefactor C0 * 1 is needed to fit even a
correlation function that is almost entirely exponential.
This may be interpreted as a part of the chain making
up an effective bond, as in the blob model,37,38 or as the
chain being coupled to a wormlike tension field.12,14

It can also be expressed in the following way: On a
global scale, the chain fluctuates around an average
chain, which is wormlike with a correlation function
e-s/lav. On a local scale, the freely jointed chain is far
from wormlike, but each bond has an average projection

Figure 2. Orientational correlation functions for chains with
subchain lengths n ) 320, 160, 40, and 20 monomers (top to
bottom) at two concentrations of added 1:1 salt: (a) 0.001 M
and (b) 0.01 M. b ) 3 Å, and R ) 1.

Figure 3. Orientational correlation functions for chains with
subchain lengths n ) 320, 160, 40, and 20 monomers (top to
bottom) at 0.1 M salt. b ) 3 Å, and R ) 1.
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b〈cos φ〉 ) bxC0 on the underlying wormlike chain.
This means that 〈ri‚rj〉 ) b2〈cos θj-i〉 can also be written

where ti is a unit vector for the tangential direction of
the wormlike chain. Thus, the underlying chain has a
contour length Lav ) (N - 1)bxC0 and its orientational
correlation length lav is locxC0 in terms of the real
chain. Note that the underlying chain is a wormlike
chain with the same radius of gyration and mean-square
end-to-end distance as the real chain (cf. eqs 13-16),
which could have been used as a definition of an
effective chain to obtain Lav and lav directly.

This is closely related to the model of a wormlike
tension field. There, the real chain is coupled locally to
a tension of magnitude τ and with a direction varying
along the chain on average like a wormlike chain, with
an orientational correlation length loc. Since the orien-
tational correlation length of the tension field is usually
expressed with respect to a contour distance of the real
chain,12,14 it corresponds to the real loc (as opposed to
lav ) locxC0). From the above interpretation of the two-
parameter model, one can see that the magnitude of the
tension corresponds to τ ) 3xC0/b. This is because a
freely jointed chain with the ends fixed on the axis of a
constant tension τ has an average end-to-end distance
〈R〉 ) τ(N - 1)b2/3 when the extension is not too large,
〈R〉 , (N - 1)b.39 Thus, each bond has an average
projection 〈R〉/(N - 1) ) τb2/3 ) bxC0 on the direction
of the tension, where the last equality comes from
identifying the tension field with an underlying worm-
like chain.

Given the two-parameter exponential correlation
function, the crossover distance is lcd ) 2locxC0 ) 2lav
(see eq 11), and we see that lcd is the Kuhn length of
the underlying wormlike chain, since the Kuhn length
is just twice the orientational correlation length of a true
wormlike chain, when the chain is (infinitely) long.

When the persistence length is short compared to the
length of the subchain, distant parts get a higher
probability of being close and there is a contribution to
the long-range correlations from the resulting pair
interactions. This electrostatic excluded volume effect
can clearly be seen in Figure 3. At high salt concentra-

tions, the chains with different subchain lengths have
the same behavior at low k. The excluded volume
interactions decrease the decay of ln Ck vs k gradually
as k increases, until the truncation takes effect and the
relationship becomes linear.

It is clear that the two-parameter model with an
exponential decay works best as a description of the
orientational correlation function at low salt concentra-
tions when excluded-volume effects are small.

The results illustrate the fact that the projection
length and the orientational correlation length are
distinctly different properties when applied to polyelec-
trolytes. If an exponential function is fitted to the
correlation function, the orientational correlation length
is the same for a chain that has a consistent decay
length, due to interactions within sequences comparable
to the screening length, as for a chain that happens to
have the same decay length for large k at a higher salt
concentration, due to excluded volume interactions. The
projection length, on the other hand, takes into account
the greater flexibility (lower values of Ck) at the higher
salt concentration and gives a lower value in the latter
case.

The difference is a result of the nonwormlike behavior
of polyelectrolytes, seen in C0 * 1 for the fitted correla-
tion function, even when the decay is exponential, and
in the nonexponential behavior at high salt concentra-
tions, the excluded volume effect. There is no funda-
mental difference between these two effects, however.
They both express the fact that electrostatic interactions
act through space, as opposed to a simple propagation
through bonds. Excluded volume interactions of neutral
polymers also act through space, but the electrostatic
interactions are stronger and more long-ranged. The
resulting conformational response is therefore much
more pronounced in polyelectrolytes.

Power Law: High-Salt Limit. Previous simulations
have shown that a finite-chain version of the projection
length (corresponding to direct summation without
extrapolation) obeys l′p,e/b ∼ (êp

1/2/κb)p, where p ≈ 1.1,
when the screening length is shorter than the chain
dimensions,18 while the orientational correlation length
lacks a consistent power law.18-20

These general conclusions are also illustrated by
Figures 4 and 5 obtained from the simulations with
truncated interactions (the salt concentration increases
from left to right in the figures). A reason the projection

Table 1. Screening Lengths, Root-Mean-Square
End-to-End Distances of Subchains and Persistence

Lengths for the Cases Represented in Figures 2 and 3,
Where b ) 3 Å and r ) 1a

cs/M κ-1 n 〈R(n)2〉1/2 l′p,e lp ) C0loc C0 loc

0.001 96 20 47 105 106 0.75 140
40 99 369 372 0.79 470

160 410 1904 1904 0.79 2421
320 803 2320 2326 0.78 2981

0.01 30 20 46 82 82 0.73 113
40 93 187 188 0.73 258

160 410 310 308 0.67 457
320 595 315 316 0.71 445

0.1 10 20 40 35 34 0.68 51
40 74 45 45 0.61 75

160 210 59 57 0.50 114
320 330 68 62 0.39 162

a C0 and loc have been obtained by fitting a general exponential
function, C0e-s/loc, to the orientational correlation functions, while
l′p,e is the result of a direct summation, which has been extrapo-
lated with the help of the fitted function when necessary. The unit
of length is Å.

〈ri‚rj〉 ) (b〈cos φ〉)2 〈ti‚tj〉 ) b2C0e
-(j-i)bxC0/lav (24)

Figure 4. Projection length from direct summation (extrapo-
lated when necessary). Data are shown for R ) 1 and bond
lengths of 3 Å (filled symbols/solid lines) and 12 Å (open
symbols/dashed lines) with interaction ranges of 20 monomers
(triangles), 80 monomers (squares), and 320 monomers (circles).
The points on the y-axis are for the salt-free case.
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length depends on a specific parameter combination in
a power law, while the orientational correlation length
does not, may be that the integral over the correlation
function takes all length scales into account and thus
includes the balance between conformational and elec-
trostatic contributions to the free energy. Information
is lost, however, if only the correlation length loc is used.

Figure 4 shows the behavior of the projection length
calculated as for an infinite chain through the extrapo-
lated direct summation. The exponent p is about 1.2 at
high salt concentrations. The higher value of the
exponent, compared to the previous result, is due to the
extrapolation to infinity. If the projection length is
calculated over just the length of a subchain, the
exponent is about 1.1 as before. Another difference is
that end effects are suppressed in the present approach
with subchains within longer chains. The projection
length has increased roughly 10% compared to the
previous case, where the chain ends were included in
the results. This does not to affect the exponent to any
significant degree, however.

For length scales κbk . 1, the behavior of a fully
interacting chain is expected to be dominated by ex-
cluded volume interactions and the chain should behave
as a self-avoiding walk, leading to a size-dependent
projection length as explained above (see definition 4).
The truncation of the interactions in the simulations
turns the long-range behavior into that of a random
walk and the orientational correlation function becomes
truly exponential, but for κbn . 1 there are excluded
volume interactions within the subchains and we see a
dependence on n in Figure 4.

It is probably easier to visualize the origin of the n
dependence through the correlation function, remem-
bering that the projection length is an integral over it.
At high salt concentrations and with given values of κb
and êp, chains with different n have the same correlation
function at contour separations k shorter than the
truncation n. Beyond the truncation, however, Ck is
smaller for shorter subchains with n < k than for longer
ones (cf. Figure 3). Thus, the integral will be smaller
for smaller n. When fitting the two-parameter exponen-
tial function, some of these effects are reflected in C0
and loc, but the fitting procedure is a compromise
between the range of k-values where the correlation
function is the same for differing n and the range where
it is not, while the direct summation takes the difference
into account completely, being the true integral. The
result is that the dependence of the subchain length
based on the fitted function lp ∼ n0.1 is weaker than for

the direct summation l′p,e ∼ n0.3. A rough estimate
using 〈R(n)2〉 ≈ 2lpb(n - 1) and 〈R(n)2〉 ∼ n2ν with the
Flory value ν ) 3/5 would give lp ∼ n0.2.

For the direct summation, the high-salt behavior can
be summarized as

with the numerical constant B ≈ 0.8.
Power Law: Salt-Free Limit. The Odijk expression

of OSF theory, eq 19, predicts that lbc,e ∼ (RN)2 in the
salt-free limit (eq 21). Figure 6 shows how the projection
length depends on Rn. This combination does indeed
capture a common behavior of the different chains and
the slope is about 1.9. The orientational correlation
length gives similar slopes, but there is not a single,
universal curve. In terms of the dimensionless variables
and assuming a quadratic dependence, the limiting
behavior at low salt concentrations is

with the numerical constant A ≈ 0.04.
It should be remembered, however, that OSF theory

predicts the electrostatic bending coefficient, which is
intrinsically different from both the projection length
and the orientational correlation length for a freely
jointed chain, because the chain is not wormlike. Even
at low salt concentrations, where the electrostatic
interactions give the freely jointed chain a long-range
stiffness and the correlation function for a chain with
truncated interactions has an exponential decay that
starts at relatively short contour separations, the short-
range correlations are still not wormlike. Naively, one
might expect the OSF theory to be applicable to a
rescaled, underlying wormlike chain, i.e., the type of the
model discussed in connection with eq 24. OSF theory
should then give locxC0, at least in the salt-free limit,
but this appears not to be the case. Instead the qualita-
tive behavior of the Odijk result in this limit is shared
with lp ) locC0.

OSF theory calculates the energy difference between
a rigid rod and a bent rod to first order. A projection of
the charges onto an underlying, wormlike chain will not
give the same energy as the true charge distribution.
The connection freely jointed chain-average wormlike
chain-OSF model is therefore in a sense broken. The

Figure 5. Orientational correlation length. Data are shown
for a bond length of 3 Å with the same symbols as in Figure 4.

Figure 6. Projection length in the salt-free limit. Data are
shown for bond lengths of 3 Å (filled symbols/solid lines) and
12 Å (open symbols/dashed lines) with R ) 0.5 (triangles) and
1 (circles). The interaction ranges are 10-320 monomers.

l′p,e

b
≈ B (êp

1/2

κb )1.2

n0.3 (25)

lp

b
≈ Aêpn

2 (26)
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integral over the correlation function, which gives lp,
may better represent the balance between electrostatic
interactions and conformational freedom and, being a
balance, could be more closely related to the electrostatic
energy calculated in OSF theory. More detailed studies
are needed to fully establish the connections and dif-
ferences between the different types of persistence
length.

Universal Behavior. Given the power laws in the
two limits, no salt and high salt, the data can be
collected into a universal curve, as shown in Figure 7.
The exponents in the parameter on the x-axis have been
chosen to produce a slope of -1 at high salt concentra-
tions. In terms of this parameter, the crossover point,
where the two limits would predict the same electro-
static projection length, l′p,e, is (κb)1.2êp

0.4n1.7 ≈ 20 (ln 20
≈ 3.0). The empirical result can be summarized as

where g(x) ) 1 for small x and g(x) ) 1/x for large x,
with a crossover at x ≈ 1.

The figure reveals that, in the crossover region from
the low-salt to the high-salt behavior, there is a ten-
dency for the slope to increase as n and êp increase. In
fact, for n ) 320 and b ) 3 Å, the exponent p of lp/b ∼
(êp

1/2/κb)p is even slightly larger in the crossover region
than in the final, high-salt part. The differing slopes are
a result of the infinite chain extrapolation. For example,
if l′p,e/b is obtained by summing the correlation function
up to just n, chains with different n show the same
behavior in the crossover region. The extrapolation more
fully accounts for the larger total interaction and
stronger stiffening at larger n.

The excluded volume interactions have not yet been
allowed to play a significant role in the crossover region
and the differing slopes may indicate that very long
chains, in the absence of excluded volume effects, could
display a behavior closer to the OSF prediction, as
discussed explicitly by Odijk and Houwaart26 and by
Netz and Orland.22 In fact, the results suggest that the
Odijk expression, eq 19, is qualitatively correct up to a
point where excluded volume interactions become sig-
nificant. Further investigations are needed to establish
this properly and confirm it for longer chains. In any
case, it is clear that excluded volume effects make
significant contributions to the projection length at the
highest salt concentrations and, thus, affect the ob-
served behavior.

Conclusions
Polyelectrolytes are not generally wormlike in the

sense that the orientational correlation function follows
a single, exponential decay at all length scales, although
parts of the correlation function may behave exponen-
tially. The difference is that electrostatic interactions
are long-ranged and act through space, while the
wormlike chain model is based on correlations that
propagate only through the chain itself. One conse-
quence of this is that various definitions of persistence
length are no longer equivalent, but represent different
properties. Any discussion about persistence length in
the context of polyelectrolytes must therefore specify the
definition used. We have identified four definitions and
given the corresponding properties separate names: (1)
projection length, which involves integration of the
orientational correlation function; (2) orientational cor-
relation length, which is the decay length of a (fitted)
exponential function; (3) bending coefficient, which is a
length representing a bending force constant; (4) and
crossover distance, which is the monomer-monomer
distance at the boundary between a rodlike and a
swollen behavior.

The nonwormlike character of polyelectrolytes, in
particular, if they are modeled as freely jointed chains,
is evident from the orientational correlation function.
At low salt concentrations and with interactions trun-
cated after a certain number of bonds, most of the
correlation can be described with an exponential func-
tion, but the prefactor of the exponential function is not
1, as required for the wormlike chain model. This is
caused by the most short-range correlations, which have
a different behavior. A direct consequence is the differ-
ence between the projection length and orientational
correlation length.

At high salt concentrations, the correlation function
decays slower than exponentially, because of increased
chain flexibility and more frequent contacts between
distant parts of the chain. This is often referred to as
electrostatic excluded volume effects. The model with
truncated interactions explicitly shows how the excluded
volume effects affect the long-range correlations. Within
the truncation, the short-range correlations are the
same for different truncation lengths, while the decay
turns exponential after the truncation and a difference
is seen in the long-range correlations.

For an infinite chain where interactions are limited
to subchains of length n, the orientational correlation
length does not show consistent power laws in any range
of salt concentrations, while the electrostatic projection
length does both in the salt-free limit and at high salt
concentrations. An almost quantitative description of
the chain behavior can be given through the projection
length by combining the two power laws into a universal
curve.
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